Seventh homework assignment tentatively due on Wed 13 May.
1. Quantum field theory would be easier to deal with if the physical operators were made of the “positive-frequency part”
Z
d3 p
+
φ (x) = a(p) eip·x p
(1)
(2π)3 2p0
and its adjoint φ+† (x). For instance, we might imagine a hamiltonian
of the form
Z
H = c φ+† (x)φ+ (x)d3 x.
(2)
Here a(p) annihilates
p a spinless particle of momentum p, mass m, and
0
charge q, and p = p2 + m2 . The annihilation and creation operators
obey the continuum-limit commutation relations
[a(p), a(p0 )] = 0
[a(p), a† (p0 )] = δ(p − p0 ).

(3)

[φ+ (x), φ+† (y)] = ∆+ (x − y)

(4)

d3 p
.
2p0

(5)

Show that
where

1
∆+ (x) =
(2π)3

Z

eip·x

This function is Lorentz invariant, and for space-like x, x2 > 0, it is
even
∆(−x) = ∆(x).
(6)

2. Show that the commutator (4) is non-zero at space-like separations,
such as at equal times x0 = y 0 but different space points. This nonzero commutator would imply a violation of causality and so would
represent a conflict between special relativity and quantum mechanics.
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3. We can avoid this conflict if we introduce anti-particles. Let b† (p)
create a spinless particle of momentum p, mass m, and charge −q.
Define the “negative-frequency part” of the field φ(x) as
Z
d3 p
−
†
−ip·x
p
(7)
φ (x) = b (p) e
(2π)3 2p0
and the field φ(x) as
φ(x) = φ+ (x) + φ− (x).

(8)

Show now that the commutators
[φ(x), φ(y)]

(9)

[φ(x), φ† (y)]

(10)

and
vanish at space-like separations, that is, when (x − y)2 > 0.
Thus, if we make the hamiltonian and other physical operators out of
fields φ(x) and its adjoint φ† (x), then we can avoid the above conflict
between special relativity and quantum mechanics.
It is true that we also could avoid this conflict by using fields of the
form φ(x) = φ+ (x) + φ+† (x), but such a field would annihilate and
create particles of charge q, and it is impossible to make operators that
conserve charge out of such fields. So we need antiparticles to avoid
the above conflict and also conserve charge.
If the particles of the field are neutral, then the field φ(x) = φ+ (x) +
φ+† (x) allows us to avoid the above conflict without violating charge
conservation. In this case, we say that the neutral particle is its own
antiparticle.
These problems explain some of the logic behind some of the statements
Cliff Burgess made in his colloquium on Friday, 8 May 2009.
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