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Kevin Cahill Physics 522 November 19, 2003

A convenient choice of Dirac matrices, used by Weinberg, is

e DK

They satisfy the anti-commutation relations

v 7+ = 20, (2)

in which the flat space-time metric is

-1 0 0 0
a 0 1 .00
™=10 010 ®)
0 0 0 1
Under hermitian conjugation, they transform as v = v and (7%t = —1°.

For this choice of Dirac matrices, we may define Majorana and Dirac fields
in terms of the scalar-like lawn

o0) = [ 5 | (1) w5 (72 ) A*(é)e-m] @
24/ (2m)3p%(p° + m) I —02
where I and o, are the 2 x 2 matrices

I=<(1) g’) and az=(‘i) B’) (5)

A(p) and A*(p) are the 2-vectors

= (1) = o= (507). o

P’ =4/m?+p)?, and k= c = 1. The lawn ¢(z) describes a single spin-one-
half particle that is its own anti-particle.

Since m? + p? = m? + p? — (p°)? = 0, the lawn ¢(z) satisfies the Klein-
Gordon equation

(m? + 05 — V*)¢(z) = (m* ~ 1™8:8)¢(z) = 0. (7)

1

V7°




The Majorana field x(z) is obtained from derivatives of the lawn o(z):
 x(@) = (m —7°0.)B¢(2)- (8)

It automatically satisfies the Dirac equation:

(728, + m) (m — 7*0a) B(2)
m? — 7°7°0.0) Bé()
m? — 1[v%, 7]+ 8.05) Bé(z)
(m? — 1%0,05) Bd(x)
= B(m®—n"0.5) ¢(z) = 0.

(40, + m) x(%)

(I

Suppose that there are two spin-one-half particles of the same mass m
described by the two operators a1(p, o) and az(p, o) which satisfy the anti-
commutation relations

[ai(p7 0')7 a;[(p” 0,)]+ = 600’63(p - pl)' (9)

Then by following Eqs.(4-9) and defining two 9-vectors A;(p,o) as in (6),
we may construct the two lawns

#i(x) = / 5 mn)j;‘ipo — [G) Adp)eP® +i (f;) A (P)e‘ipz]

and from them the two Majorana fields (1)
xi(z) = (m — 7*0a)B¢i(2) (11)

which satisfy the Dirac equation
(7°0a + m) xi(z) = 0. (12)

But because the two lawns ¢:(z) are of the same mass, we may combine them
into the complex lawn

L

o(z) = 7 [61(z) + iga(2)]- (13)
From the complex operators
o(p, ) = 5 a(p,0) +i0a(p,0)] (14)

2

2/




and 1
ac(p7 0’) = _\/_5 [a’l(p7 0') - ia?(pa 0’)] ’ (15)
we may form the complex 2-vectors
-1 ; _ [P, +)
AP) = 55 L4s(e) + i) = (221 ) (16
and
ey — L , _ (a(p,+)
40) = 5 () - i) = (o2 )

The complex lawn involves A(p) and

w1 . o1 o) = (2P F)
4() = = [41(p) = 1Aa(p)]" = 5 [43) + A45(P)] = ( ol _))(1,8)

in the form

®(z) = / an)j:f(po — [(§> A(p)e™ + (_022) Ac*(p)e—ipzll'g)

The Dirac field is then :
YP(x) = (m—1"0,) ﬁfbl(x)
= (m—7°0,) ﬂ% [f1(x) + idh2(2)]

1
— z)+ixa(z)].
V2 [ (z) + ixa()]
It satisfies the Dirac equation
(7*0a + m) Y(x) =0 (20)
because the Majorana fields x; and x2 do.

We have defined Majorana and Dirac fields in terms of Weinberg’s choice
of Dirac matrices. If one uses a different set of Dirac matrices

v =8y"S7Y, B =885, (21)

then the fields and lawns should be multiplied from the left by the non-
singular matrix S:

' (z) = S@(z), ¢'(x)=vy(z), ete (22)

[4L
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